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Abstract: The design of railway track formations has traditionally been empirically rather than
analytically based, with ballast and sub-ballast layer thicknesses specified mainly on the basis
of previous practice. Recent design methods are more scientifically based, and for the most
advanced design methods currently in use, input parameters are typically determined from cyclic
triaxial testing.

The changes in stress experienced by an element of soil below a railway track as a train passes
are complex, involving (for example) a cyclic rotation of the principal stress directions. In these
conditions, soil element testing in uniaxial compression may lead to the underestimation of
vertical strains. Testing in a hollow cylinder apparatus, which can impose the rotations in principal
stress direction likely to be experienced by a soil element in the field, may therefore be preferable
to triaxial testing. However, there are as yet no data to guide the designer to a rational specification
of a testing programme in this more complex apparatus.

This article reports the results of finite element analyses carried out to investigate the stress
changes experienced by an element of soil beneath a ballasted railway track during train passage.
The effects of element location, the initial in situ stress state of the soil, and the elastic parameters
used to characterize its behaviour are investigated, and the modelling of the stress paths ina cyclic
hollow cylinder apparatus is discussed.

Keywords: principal stress rotation, railway track, numerical modelling and analysis, hollow
cylinder apparatus

1 INTRODUCTION determined more analytically (1, 2], stresses at the top

of the subgrade are often calculated using equations

One of the aims of the ballast and sub-ballast lay-
ers below a traditional railway track is to reduce the
stresses transmitted to the subgrade to values that will
not cause excessive (plastic) deformation or failure.
However, the design of railway tracks has traditionally
been empirically rather than analytically based, with
ballast and sub-ballast layer thicknesses specified
on the basis of previous practice, almost irrespec-
tive of the nature or condition of the subgrade. Even
where the ballast and sub-ballast layer thicknesses are

*Corresponding author: School of Civil Engineering and the
Environment, Rail Research UK, University of Southamp-
ton, Highfield, Southampton, Hampshire SO17 1B], UK.

email: liang@soton.ac.uk

that are either empirical or based on the Boussinesq
solution for the vertical stresses in an infinite elastic
halif space [3].

For example, the American Railway Engineer-
ing Association manual [1] assumes an allowable
subgrade bearing pressure of 138kPa for all sub-
soil conditions. Recognizing that this value may be
too conservative for some soils and too large for
softer deposits, Raymond [2] modified the original
AREA method by using Casagrande’s soil classification
(4} as an indication of soil strength. British Rail [5]
developed an approach based on limiting the stress
transmitted to the subgrade to a ‘threshold stress’,
determined from cyclic triaxial compression tests,
such that excessive plastic deformation will not occur
during the lifetime of the track as defined by a number
of applications of a given axle load.
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248 W Powrie, L A Yang, and C R I Clayton

The threshold stress method and the methods pro-
posed by Li and Selig (6,7] are more scientifically
based. The stress in the subgrade is calculated on an
essentially static basis, with the ballast, sub-ballast,
and subsoil treated as layered elastic materials. How-
ever, in the cyclic triaxial tests used to determine the
threshold stress (5], camulative plastic strain [8], and
strength and stiffness (9], only the major (axial) prin-
cipal stress is cycled [10]. In reality, the changes in
stress within an element of soil below a railway track
are quite complex and involve a rotation of the princi-
pal stress directions as a train passes (Fig. 1) [11,12].In
these conditions, testing in uniaxial compression may
under-estimate both individual (i.e. within a cycle)
and cumulative axial (vertical) strains (Fig. 2) [13].

In addition to rotating in the longitudinal plane
as indicated in Fig. 1, the principal stresses will also
(except on the centre-line of the track) rotate in the
transverse plane. The magnitude of the stress cycle
will decrease with depth as the loads spread through
the soil; especially relative to the in situ or confin-
ing stress, which increases with depth. The number
of cycles will also decrease with depth, as the effects
of individual axles and then bogie pairs merge. Thus,
near the surface, the magnitude of the stress cycle is
the greatest, the confining stress is the smallest, and
the number of cycles is the largest as the effects of
individual axles are felt. At depth, the magnitude of the
stress cycle is smaller, the confining stress is greater,
and the number of cycles is reduced as only the effect
of the train may be felt.

@ Wheel load

@ Wheel load

|
T

(b)

Fig.1 Stresses on pavement elements: (a) principal
stresses and planes; (b) shear and normal
stresses on horizontal and vertical planes (from
reference [11])

06 - -

Specimen 2A/1 (cyclic loading with no principal stress rotation)

05 j Specimen 3A/1 (cychc loading with principal stress rotation)
|

04 -

03

Axial strain. ¢, (%)

0.1

001

Cycles / Time (minutes)

Fig.2 Importance of principal stress rotation on cumu-
lative plastic strains in a soil element test
(redrawn from reference [13))

In laboratory investigations of the response of soil
elements to the real nature of the cyclic loads asso-
ciated with the passage of trains, it is necessary to
have a clear understanding of both the magnitude and
number of loading cycles and the degree of principal
stress rotation (PSR) (about both transverse and lon-
gitudinal axes). This article investigates the variation
of these loading parameters with depth, by means of
finite element analysis (FEA). Guidelines for appro-
priate laboratory element testing in connection with
a stress-based design are also presented.

2 FEA:INITIAL CONSIDERATIONS

In setting up the finite element analyses, a num-
ber of factors were considered, including the need
to model a typical track system geometry, load-
ing, the adequacy of a static analysis, the soil
model, mesh boundary positions, and the level of
discretization required. Initial analyses were devel-
oped in two dimensions before carrying out full
three-dimensional analyses, using the finite element
package ABAQUS/STANDARD version 6.5 in both
cases [14]. A two-dimensional model requires rel-
atively little computational time and memory and
was suitable for validation of the general approach,
including identifying the mesh size and level of dis-
cretization required. However, it cannot accurately
reproduce the three-dimensional nature of actual
traffic loadings, for which a three-dimensional model
was developed.

In presenting the results, lengths are normalized
with respect to the sleeper length S (=2420 mm), and
stresses with respect to a nominal maximum surface
stress between sleeper and ballast o, (=the axle load
divided by the plan area of the sleeper).

Proc. IMechE Vol. 221 Part F: J. Rail and Rapid Transit
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Stress changes in the ground below ballasted railway track 249

2.1 Track system geometry

In a traditional railway track system, the steel rails are
supported on timber or reinforced concrete sleepers
typically spaced at 650 mm centres. The sleepers are
embedded into a layer of coarse granular aggregate
(ballast), below which an engineered sub-ballast layer
may be placed, although this is rare in the UK except
on modern high-speed lines. In upgrade work (e.g. the
UK West Coast Main Line), a geotextile layer might be
placed over a prepared subgrade layer (traditionally
called a sand blanket in the UK) to act as a separa-
tor to prevent the migration of ballast or sub-ballast
particles [15, 16].

The typical track structure shown in Fig. 3 was
modelled in the FEA, but without the geotextile. Fol-
lowing the International Union of Railways (UIC)
Code 719R [16] and practice on the UK Channel
Tunnel Rail Link [17], depths of 300mm of bal-
last, 200 mm of sub-ballast, and 500 mm of prepared
subgrade were adopted in the analysis. The rail cross-
section was modelled as a rectangle of 153 mm high x
78 mm wide. With a Young's modulus E = 210GPa,
the bending stiffness EI = 4889 kN m? corresponds to
a 56.4-kg/m steel rail to BS113A [15]. Sleepers were
modelled as cuboids of 200 mm high, 242 mm wide,
and 2420 mm long, with a spacing of 650 mm between
centres. Rail pads were not modelled explicitly, as they
would have no effect on the transmission of loads to
the ground in a static analysis.

2.2 Loads applied

The analyses were based on a typical modern freight
car-an MBA box wagon as used by English Welsh

& Scottish Railways (EWS) to convey heavy bulk
materials such as coal, aggregates, and construction
materials. These have an axle load of 25.4 tonnes
{the maximum normally permitted on the UK rail
network), corresponding to a static wheel load of
125kN.

In addition to vertical loads, a moving train will
exert horizontal or shear loads at the wheel-rail inter-
face. For a train travelling at a constant speed, forward
forces will be required to overcome the effects of
rolling and wind resistance. These will, however, gen-
erally be small: Esveld [18] suggests a maximum of
0.2 per cent of the static vertical wheel load. Forces
applied when the train is accelerating or braking will
generally be rather greater. Perhaps the largest hori-
zontal forces will be associated with the acceleration
of a locomotive-hauled train (rather than a trainset
with distributed traction motors), because a sufficient
force to accelerate the whole train must be applied at
the wheels of the locomotive alone.

A Class 66 locomotive exerting its maximum trac-
tive effort will apply a horizontal wheel force of
34.1 kN or 32 per cent of the static vertical wheel load
of 105 kN. The theoretical maximum braking capacity
is equivalent to a horizontal wheel load of 57 kN or 54
per cent of the static vertical load, although, in reality,
this might be limited by the coefficient of sliding fric-
tion of dry steel on dry steel of 0.4 [19). For the purpose
of analysis, the maximum horizontal force is often
taken as 25 per cent of the vertical static load [18].
When a horizontal acceleration or braking load of this
magnitude was applied in the FEA, the maximum dif-
ferences in stress were 17 per cent in oy,, 6 per cent
in oy, and o, and 5 per cent in 1., (compared with
the analysis in which only the vertical static load was

Wheel load

Rail j;t

v

{ Sleeper

|
Geolextile Ballast

L
|00\LS
_ r
<+ §=2420 —bl‘ 300 N

Subballast

& Cl

Prepared subgrade 500
: y
® C2— &
Natural ground E
® c3
& Points for stress analysis in the FEA: 60000

C1 0.13S below the sleeper soffit. at the centre plane

C2 0.495 below the sleeper soffit, at the centre plane

C3 1.67S below the sleeper soffit, at the centre plane

E  0.49S below the sleeper soffit. at the end of sleeper

Rigid boundary

Fig.3 Schematic cross-section of a typical track structure (dimensions in mm)
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250 W Powrie, L AYang, and C R 1 Clayton

applied) at the ballast surface; 14 per cent in o, and
6 per cent in 7. at the surface of sub-ballast; and 4.5
per cent in o, and 9 per cent in 7. at the soil surface.
However, the pattern of major PSR was not affected.
Thus, the effect on PSR of directly applied shear loads
is small compared with the effect of the horizontal
distance from the vertical load and may reasonably
be neglected.

2.3 Adequacy of a static analysis

In reality, vertical loads exerted by a moving railway
vehicle may be greater or less than the static value,
depending on whether the vehicle is momentarily
accelerating downward or upward. However, it is a
common practice to carry out a static analysis, in
which dynamic effects are taken into account by mul-
tiplying the static load by a dynamic amplification
factor (DAF). The DAF depends on the train speed, the
track quality, and confidence intervals required and
may normally range from 1.1 to 2.8 [18]. DAFs have
not been used in this analysis, but with the geoma-
terials assumed to behave as linear elastic materials,
the calculated stress changes will be directly propor-
tional to the loads. Dynamic finite element analyses
carried out by Grabe [12] indicated that, for speeds
up to 240 km/h, the impact of dynamic effects on the
calculated maximum changes in stress in the ground
below a railway line were small, whereas the ground
response from moving train loads is essentially quasi-
static for speeds up to 140km/h [20]. Thus, it was
considered that, for the purpose of determining repre-
sentative stress changes for laboratory testing, a static
analysis would suffice.

2.4 Soil models

The geotechnical materials were modelled as linear
elastic using the parameters indicated in Table 1,
except where otherwise stated. Most of the analyses
were carried out with Poisson’s ratio v for the nat-
ural ground set to a value v, (~0.5 for an isotropic
soil) consistent with deformations at constant vol-
ume, and should therefore be interpreted in terms

of total stresses. Some isotropic analyses were car-
ried out with Poisson's ratios v’ of 0.3 and 0.1; the
Young's modulus in these cases was multiplied by
(I +v9/(1 + v to give the same shear modulus G.
With a reduced Poisson’s ratio, volume change will
occur: these analyses therefore represent a partly sat-
urated material, in which volume changes may occur
without any overall loss of pore water.

In most of the analyses, the Young's modulus E of
the natural ground was assumed to increase linearly
with depth [21]

E=E+m-z (1)

with E, =30MPa and m = 4.5MPa/m, typical of
undrained parameters for the stiff, overconsolidated
London Clay [22].

2.5 Two-dimensional analyses to investigate mesh
size and level of discretization required

Initial plane strain (two-dimensional) finite element
analyses were carried out on a cross-section of the
track using 8-node biquadratic elements with reduced
integration to determine a suitable mesh size and
density and to validate the approach with reference to
standard, closed-form solutions for a total stress anal-
ysis with soil deformation at constant volume (v ~
0.5). Attention was focused on the stresses induced
by train loading; hence stresses arising from the self-
weight of all materials were ignored. Because in a
two-dimensional analysis the sleepers are inherently
continuous, the Young’s modulus of the sleepers was
scaled by the ratio of sleeper width w to spacing a
to give the same value of lateral bending stiffness EI
per metre run of the track as for the discrete sleepers
in reality

E@ED) x w _ 34 GPa x 242 mm

Eeh) = 650 mm

= 13GPa
2)

A wheel load of 125kN was applied to the rail, as
described above.

Table 1 Material properties used in finite element analyses

Component Young’s modulus Unit weight

description (MPa) Poisson’sratio  (kN/m*) Remarks

Rail 210000 0.3 76.93 Cross-section 78 mm
wide x 153 mm deep

Sleeper 34000 0.3 23.52 Cross-section 242 mm
wide x 200 mm deep

Ballast 310 0.3 16.66

Sub-ballast 130 0.49 22.54

Prepared subgrade 100 0.49 19.6

Natural ground 30 0.49 19.6 For Gibson soil, £ =

30+ mz,m=4.5

Proc. IMechE Vol. 221 Part F: J. Rail and Rapid Transit
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Fig.4 Two-dimensional finite element mesh-

intermediate density

Three mesh densities were investigated. The inter-
mediate mesh, which comprised 1634 elements
(Fig. 4): the coarse mesh had half the element den-
sity (i.e. approximately one-quarter of the number
of elements) and the fine mesh had twice the ele-
ment density (i.e. about four times the number of
elements). In all the cases, the bottom and right-hand
boundaries were restrained (pinned) in both the hori-
zontal and vertical directions. The left-hand boundary
was prevented from moving in the horizontal direc-
tion, but free to move vertically. All three meshes
gave almost identical ground-surface displacements.
However, differences in stress were calculated within
the ballast layer, particularly for the coarse mesh

Normalized vertical stress, ozz/asb
0.0 02 04 06 08 10 12 14
00 i "

0.1 4

0.2 4

03

04

——Coarse mesh

05 1 —o— Intermediate mesh

06 1 —a— Fine mesh

07

08

Normalized depth from the sleeper soffit, z/S

Fig.5 Mesh convergence study-variation of vertical
stress with depth below the end of the sleeper
for different mesh densities

Normalized mesh size, /'S

0 10 20 30 40 50 60
0.0E+00 1 1 L L .
% —e— Homogeneous soil (20 FEA)
’:.‘, -1.0E-03 1 —x— Gibson soil (2D FEA)
@
o X —a— Homogeneous soil [23]
2 -20€03 Sy
g ——
g 3.0E-03
2 -3.0E-03 4
x
E
© -4.0E-03
@
N
£
H -5.0E-03
z
-6.0E-03 —

Fig.6 Maximum displacement at the ground surface
for different mesh sizes

(Fig. 5). The intermediate mesh was therefore used
for subsequent two-dimensional analyses.

Four mesh sizes were investigated, of dimen-
sions 15mx 15m, 30m x 30m, 60m x 60m, and
120 m x 120 m (depth and width of natural ground),
comprising 614, 944, 1634, and 3614 elements, respec-
tively. The maximum displacements at ground level
are plotted against the mesh size in Fig. 6 for both a
Gibson soil (E = 30 + 10.89 - (z/S) MPa) and a homo-
geneous soil with a uniform Young's modulus E =
30 MPa. For the analyses using the Gibson soil, the
maximum surface displacement converged rapidly
and a mesh size of 60m x 60m (i.e. 24.8S x 24.85)
was sufficient (Fig. 7, which shows the variation with
depth of the vertical stresses on the centre-line of
each mesh, confirms this). For the homogeneous
soil, the maximum surface displacement continued to
increase with mesh depth, even for the larger meshes.
However, this is to be expected as it agrees with the
closed-form elastic solution [23], in which the surface
settlement increases with the depth of the half space.

Normalized vertical stress, oczz/osb
0.00 0.03 0.06 0.09 0.12 0.15

—e— mesh 15mx15m
—o— mesh 30mx30m
—a— mesh 60mx60m
—— mesh 120mx120m

20

Fig.7 Variation in vertical stress with depth on the
centre-line for different mesh sizes for Gibson
soil
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Normalized vertical stress, czz/osb
000 002 004 006 008 010 012 014 016 018 020

—e— Rail and sleeper on baliast. subballast &
prepared subgrade underlain by natural
ground (20 FEA)

8 ) —o— Rail & sleeper on natural ground (2D FEA)

-—— Rail & sleeper on natural ground {23]

Normalized depth from the steeper soffit, 2/’S

Fig.8 Variation in vertical stress with depth on the
centre-line, illustrating the function of the bal-
last, sub-ballast, and prepared subgrade layers
for Gibson soil

One of the important functions of the ballast,
sub-ballast and prepared subgrade is to reduce the
traffic-induced stresses to levels that will not cause
excessive plastic deformation or failure of the sub-
grade [3]. Figure 8 shows that, for the track system
geometry investigated, the stress at the top of natu-
ral ground would increase by about 20 per cent if the
sleepers were laid directly on it.

3 THREE-DIMENSIONAL ANALYSES

The three-dimensional mesh is shown in Fig. 9; mate-
rials properties were again as given in Table 1. The
analyses made full use of the symmetry by modelling
one-half of the track (i.e. half a sleeper and one rail)
as viewed in cross-section, and the distance between
the centres of successive vehicles in what is effectively
an infinitely long train. A total of 50782 20-noded
quadratic brick elements with reduced integration
were used.

The length of the mesh in the longitudinal (x) direc-
tion was taken as that of an MBA box wagon (Fig. 10).
In the vertical (z) and transverse (y) directions, the
dimensions of the mesh were set at 60 m: the results
of the two-dimensional analyses (which are more
onerous in this respect) indicated that this should be
sufficient to eliminate the boundary effects. Smaller
elements were used near the track where the changes
of stresses and strains were expected to be the great-
est. The bottom and far-lateral (normal to the z and y
planes respectively) boundaries were prevented from
movement (i.e. pinned) in all three directions. The
longitudinal boundaries (normal to the x direction)
were restrained in the x direction only, but otherwise
free to move. The centre plane was restrained in the y
direction only.

Zoomed portion

60m

Plane of
symmetry

The central
longitudinal plane
(centre plane)

Plane of
symmelry

Y
\l/<
[}

(a)

Fig.9 (a) Three-dimensional finite element mesh and
(b) zoomed portion

Four wheel loads of 125kN each were applied on
the rail, in the positions corresponding to the axles on
the bogies at each end of a pair of adjoining wagons as
indicated in Fig. 10. In the absence of dynamic inter-
actions between the vehicle and the track, the stresses
caused by a continuously moving load on a soil ele-
ment below a railway track may be determined by
considering a succession of soil elements in different
locations relative to a static load. Figure 11 shows that
the difference between a wheel load being applied
exactly on or mid-way between sleepers is negligible
at depths greater than 0.3S below the sleeper soffit.
The maximum vertical stress is about 0.1, at 0.1S
and 0.050,, at 0.3S, which is consistent with the results
of a GEOTRACK model (see Fig. 5.13 and Fig. 5.14 in
reference [3]).
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Fig.10 Wheelload configuration and axes of symmetry
used in the three-dimensional finite element
analyses (based on an EWS MBA box wagon;
dimensions in mm)

As before, the results presented initially relate only
to the incremental stresses due to the wheel loads
applied and do not include the in situ stresses. How-
ever, the initial stress state is important in considering
the absolute directions and hence rotations of the
principal stresses duringloading and will be discussed
later.

It is generally accepted that the calculated changes
in vertical stress within a body of soil idealized as a
uniform elastic half space due to the application of a
pattern of surface loads are relatively insensitive to the
elastic parameters assumed. However, the same is not
true for strains and possibly other stress components,
which may vary significantly with heterogeneity and
anisotropy (23, 24].

3.1 Homogeneous, isotropic analyses without
initial stresses

Analyses were carried out for a homogeneous,
isotropic soil deforming at constant volume (v = v, =
0.49) with (undrained) Young’s moduli of 30, 60, and
90 MPa. The results of these analyses, plotted as the
inclination of the major principal stress increment to
the vertical against the distance from the centre of
the first box wagon, are summarized in Fig. 12 for
depths of 0.49S and 1.67S below the sleeper soffit.

4=

A wheel load on a sleeper:
o atthe ballast surface
o 0.1S below the sleeper soffit

030 Wheel load

025 Rail
Sleeper

020 | Awheetload in betweentwo |
sleepers:
o atthe ballast surface

2
g 015 1 » 0.1S below the sleeper soffit A 0.3S below the slesper soffit
E + 0.3S below the sleeper soffit
& 010
0.05 o .4
o Yo%t &
0.00 damaded g Fidied
L 'Y e
vl
-0.05 T T T T T
0 1 2 3 4 5 6 7

x/S

Fig.11 The influence of wheel load location on vertical
stress at different depths

Wheel load = 125 kN

Direction of major principal stress
increment relative to the vertical, «:deg

Wheel load = 125 kN

5% Vo Vo

relative to the verticai, a: deg

Direction of major principal stres increment

2 3 4 5 6 7

[—e—E=30 MPa, v=0.49 ~o—E=60 MPa, v=049 —a—E=120 MPa, v=o.«£|

(b)

Fig.12 Effect of stiffness on the rotation of the major
principal stress increment direction: (a) at
depth 0f0.49S (C2 in Fig. 3); (b) at depth 0f 1.67S
(C3in Fig. 3)

At the shallower depth (0.49S), the major principal
stress increment is (as would be expected) at or near
vertical below the wheels and (due to Poisson’s ratio
effects) horizontal at the centres of the box wagons.
Between the box wagons, the major principal stress
increment remains near vertical in the analyses with
E = 30MPa and E = 60 MPa, but becomes horizon-
tal when E is increased to 120 MPa. Apart from this,
the curves shown in Fig. 12(a) for a depth of 0.49S are
similar. At a depth of 1.67S, the results are practically
independent of the stiffness used.

3.2 Effect of heterogeneity (stiffness increasing
linearly with depth)

To investigate the effect of increasing stiffness with
depth (heterogeneity), analyses were carried out with
a Young’s modulus that increased with depth from
30MPa at the surface at a rate of either 10.89-
(z/S)yMPa or 21.78 - (z/S)MPa, i.e. E =30+ 10.89-
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Wheel load = 125 kN

% 4 I I

Direction of major principal stress
increment relative to the vertical, «:deg

Wheel load = 125 kN

0 Vb

the vertical, «:deg

Direction of major principal stres increment relative to

0 1 2 3 XIS 4 5 6 7

—o— E=30+10.89(z/S) MPa, v=0.49 —— E=30+21.78(z/S) MPa, v=0.4E|

(b)

Fig. 13 Effect of heterogeneity (stiffness increasing lin-
early with depth) on the rotation of the major
principal stress increment direction: (a) at
depth 0f 0.49S (C2in Fig. 3); (b) at depth of 1.67S
(C3in Fig. 3)

(z/SYMPa or E =30+ 21.78 - (z/S)MPa with Pois-
son’s ratio v =, ~0.49, approximating constant
volume conditions.

The results of these analyses are summarized in
Fig. 13. There is no discernible difference at a depth of
either 0.49S or 0.67S, and at both depths, the results
are very similar to those for the homogeneous soil
with E = 30 MPa.

3.3 Effect of Poisson’s ratio

Figure 14 shows the results of the analyses carried
out for a Gibson soil with E = 30 + 10.89 - (z/S) MPa
undrained and Poisson’s ratios v =0.49, 0.3, and
0.1. The reduced Poisson’s ratios could be viewed
as modelling a partly saturated soil, in which vol-
ume changes could occur without any overall loss of
pore water. In the analyses with the reduced Poisson'’s
ratios v < 0.49, the Young’s moduli were multiplied

Wheel load = 125 kN

90 ‘

Direction of major principal stress
increment relative to the vertical, ««:deg

)

Wheel load = 125 kN

0 Vo

the vertical, «:deg

0 1 2 3 4 5 6 7

Direction of major principal stres increment relative to

—e—E=1.1/1.49x[30+10.89(z/S)] MPa, v=0.1
—o— E=1.3/1.49x[30+10.89(z/S)] MPa, v=0.3
—a— E=30+10.89(z/S) MPa, v=0.49

thy

Fig. 14 Effect of Poisson’s ratio on the rotation of the
major principal stress increment direction: (a)
at depth of 0.49S (C2 in Fig. 3); (b) at depth of
1.67S (C3 in Fig. 3)

by (1 + v)/(1.49) to maintain the equality of the shear
modulus.

At a depth of 0.49S, decreasing the Poisson’s ratio
alters the rate at which the major principal stress
increment turns towards the horizontal as the centres
of the box cars are approached. At a depth of 1.67S,
the differences between the various analyses appar-
ent at 0.49S in between the box wagons are reduced,
whereas those near the centres of the box wagons are
amplified. Between the box wagons, the major prin-
cipal stress increment remains vertical for all three
values of Poisson’s ratio. Near the centres of the box
wagons, the major principal stress increment only just
becomes horizontal when v = 0.3 and remains near
vertical for the Gibson soil with v = 0.1.

3.4 Effects of anisotropy

Many natural soils are deposited in horizontal layers
and may be considered as being cross-anisotropic,
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LR T

90

80
70
60
50
40
30

20 A

Direction of major principal stress
increment relative to the vertical, u:deg

0 1 2 3 s 4 5 6 7

(a)

90 Wheelload = 125 kN

' v

relative to the vertical, «: deg

Direction of major principal stress

T
0 1 2 3 4 5 6 7
XIS

B/Ev=05, Gvh/Bv=0.23 - B/Ev=05 Gvh/Ev=033
®  Bh/Ev=10,Gvh/Ev=0.23 + BvEv=10, Gvh/Ev=033 BvEv=10, Gvh/Ev=0.44
—a— B/Ev=20,GvEv=023 —a— BVEv=20, Gvh/Ev=0.33 —a— BVEv=20, Gvh/Ev=0.44

B/Ev=0.5, Gvh/Ev=0.44

(b}

Fig.15 Effect of cross-anisotropy on the rotation of the
major principal stress increment direction: (a)
at depth of 0.49S (C2 in Fig. 3); (b) at depth of
1.67S (C3 in Fig. 3)

with elastic properties that are the same in both hor-
izontal directions but different in the vertical [25].
The undrained (constant volume) elastic behaviour
of such a material is governed by three indepen-
dent parameters [21]: E,, E,, and G,,, with defor-
mation at constant volume requiring Poisson’s ratios
uhh = 1 — En/2E,, vy = En/2E,, and vy, = 0.5. Lee and
Rowe [25] give typical ranges of 0.5-2.4 for E,/E, and
0.2-0.4 for Gy, /E,.

Nine analyses were carried out with the natural
ground modelled as a Gibson soil, having E, = 30 +
10.89 - (z/S)MPa, v, = 0.49, E,/E, =05, 1, and 2,
and G,;,/E, = 0.23, 0.33, and 0.44. The results of these
analyses are shown in Fig. 15. Broadly, the results fall
into three bands, governed by the ratio of the Young’s
moduli E,/E,. The effect of the ratio G,,/E, was of
lesser importance, except perhaps for Ej/E, = 0.5
and 1 between the bogies at a depth of 0.49S. At
this location for E,/E, = 2, the direction of the major
principal stress increment returned to the horizontal.

Figure 16 shows the contours of vertical stress
increase due to wheel loading on the central longi-
tudinal plane of the railway track. Figure 17 shows
these vertical stress increases plotted against the dis-
tance from the centre-line of the first box wagon for
depths of 0.13S, 0.49S, and 1.67S below the sleeper
soffit. Both figures show quite clearly the transition
with depth from axle loading (apparent at 0.135) to
bogie loading (at 0.49S) to wagon loading (at 1.67S).
The magnitude of the maximum vertical stress incre-
ment decreases rapidly with depth, from 0.1y, at a
depth of 0.13S to 0.030, at a depth of 1.67S, due to
the spreading of the loaded area.

Figure 18 shows the calculated changes in all six
stress components (0, Oy, Oz:, Ty Txz and 1) at

N

1.67S

Fig. 16 Contours of vertical stress increment at the centre plane (compressive stress negative;
three-dimensional FEA, with E = 30 4+ 10.89 - (z/S) and v = 0.49 for the natural ground,

without initial stresses)
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012 Wheel load = 125 kN

Aozz/osb

—s— 0.13S below the sleeper soffits —s— 0.49S below the sleeper soffits
—a— 1,678 below the sleeper soffits

Fig.17 Variation in vertical stress increment on
the centre plane with longitudinal dis-
tance, for different depths (3D FEA, with
E =30+10.89-(z/S) and v = 0.49 for the nat-
ural ground, without initial stresses)

depths of 0.13S, 0.49S, and 1.67S on the central lon-
gitudinal plane. In all cases, both the magnitude
and the differentiation between individual axle loads
decreases rapidly with depth. As would be expected,
the variation in the shear stresses z,, and r,. was zero,
so that the principal stress direction always remained
in the xz plane. The variation of the inclination of the
major principal stress increment to the vertical with
distance from the centre of the first wagon is shown
in Fig. 19.

Off the centre plane, changes in shear stress and
hence PSR occurred in both vertical planes, as indi-
cated in Fig. 20. However, the largest changes in shear
stress were still in 7., with an amplitude of variation
about twice as that of the shear stresses r,, and 7,...

3.5 Influence of initial stresses

The rotations in major principal stress direction
reported above are for incremental loading. In real-
ity, the absolute stress state and hence the amount
and/or frequency of PSR will depend on the in situ
stresses as well. This was investigated by superimpos-
ing the stresses caused by the passage of a train onto
possible stress states in the natural ground, following
construction of the raised sections of prepared sub-
grade, sub-ballast, ballast, and track but prior to train
loading,. Starting with a level ground surface with hori-
zontal effective stresses given by an initial in situ earth
pressure coefficient K, = o,,/0,, set to either 0.5, 1.0,
or 2.0 (representing the likely range from normally
consolidated to heavily overconsolidated conditions),
the raised sections of prepared subgrade, sub-ballast,
ballast, and track were constructed and their self-
weight generated additional stresses in the natural
ground prior to the application of the wheel loads.

012 4
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0.04

0.02

Acijlosb

0.00
-0.02
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0.08
0.06
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012
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0.06
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0.02
0.00
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-0.08
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()

Fig. 18 Variation in components of stress increment on
the centre plane with longitudinal distance: (a)
at depth of 0.13S (C1 in Fig. 3); (b) at depth of
0.49S (C2 in Fig. 3); (c) at depth of 1.67S (C3 in
Fig. 3) (3D FEA, with E = 30 + 10.89 - (z/S) and
v = 0.49 for the natural ground, without initial
stresses)

The PSRs on the central longitudinal plane obtained
by superimposing the changes in stress due to train
passage onto the post-construction in situ stresses are
shown in Fig. 21.

The results at a depth of 0.13S below the sleeper
soffit were unaffected by the in situ stress state,
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Wheel load = 125 kN

|

Direction of major principal stress
increment relative to the vertical, ««: deg

XIS

—s— 0.13S below the sleeper soffits ~ —o— 0.495 below the sleeper soffits ‘
—a— 1,675 below the sleeper soffits }

Fig.19 Variation of major principal stress increment
direction with longitudinal distance at differ-
ent depths on the centre plane (3D FEA, with
E =30+ 10.89 - (z/S) and v = 0.49 for the nat-
ural ground, without initial stresses)

because this depth lies within the placed material
zone at the top of the sub-ballast. At a depth of 0.49S,
the variation in the orientation of the major princi-
pal stress is quite sensitive to the in situ stress state,
varying from horizontal to vertical when K, is greater
than 1 but by only 20° or so from the vertical when
K, = 0.5. With increasing depth, the in situ stresses
increase and their influence on the direction of the
major principal stress begins to dominate. By a depth
of 1.67S, the major principal stress deviates from its
initial orientation by <20° for K, = 1 and by <10° for
Ky =0.5and K, = 2.

Aaijiosb

004

-0.06
-0.08

-0.10

xI/S

Fig.20 Variation in components of stress increment at
a depth of 0.49S below the end of the sleeper (E
in Fig. 3) (3D FEA, with E =30+ 10.89 - (z/S)
and v = 0.49 for the natural ground, without
initial stresses)

Wheel load = 125 kN

190 R v

Direction of major principal stress
relative to the vertical, «: deg

G

Wheel load = 125 kN

‘ﬂ v o

Direction of major principal stress
relative to the vertical, «:deg

thy

Wheel load = 125 kN

Direction of major principal stress
relative to the vertical, z: deg

—s—0.13S below the soffit of sieeper —— 0.49S Deiow th;séﬁ;! 61 sleepe{
—e— 1.67S below the soffit of sleeper

wy

Fig.21 Variation in direction of major principal stress
with longitudinal distance at different depths
below the centre-line for different initial stress
states (a) Ky = 0.5; (b) Ky = 1.0; (c) Ky =2.0(3D
FEA, with E =30+ 10.89-(z/S) and v = 0.49
for the natural ground, with initial stresses)

4 DISCUSSION IN THE CONTEXT OF
LABORATORY ELEMENT TESTING USING THE
HOLLOW CYLINDER APPARATUS

The numerical analyses have illustrated that the
changes in stress to which an element of soil below
a railway line are subjected as a train passes are com-
plex. The magnitude and number of the stress cycles,

JRRT95 © IMechE 2007

Proc. IMechE Vol. 221 Part F: ]. Rail and Rapid Transit

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




258 W Powrie, L AYang, and C R1 Clayton

w
D) ¥ r
%]
- P,
v y
A LN
G, (C))
Gy (0:=03)
\/ G, (6,=0,)
() h)

Fig.22 Stresses in a triaxial test subject to axial load,
W and cell pressure, p,: (a) triaxial sample; (b)
stresses on an element

and whether they cause a marked change in the direc-
tion of the major principal stress, will depend on the
depth and position of the soil element and its in situ
stress state. The effect of these cyclic stress changes,
which will also depend to some extent on the degree
of anisotropy, can only be investigated by means of
laboratory element tests.

In a conventional triaxial test, only the verti-
cal stress o, and the horizontal stress ¢, = Ty
(i.e.0, = o,) canbe controlled, and all of these are con-
strained to be principal stresses, i.e. Ty =Te=T1.=0
(tor = Tz = 1. = 0) (Fig. 22). Thus, the complex pat-
tern of stress changes experienced by railway track
sub-bases cannot be approximated in this apparatus.

In the hollow cylinder apparatus (Fig. 23), the aver-
age vertical stress o_.,, can be controlled by means
of the applied vertical load (W), the internal (p;), and
external (p,) cell pressures

W P
(s —ry)

o -pert

Ozzav = > 7
r(: - ri

3)

and the average shear stress applied to the horizontal
plane, 7.4 (T:04y), can be controlled by the applied
torque (My)

IMy

2n(r3 = r}) @

Tovav =

The average radial oy4(0,.) and hoop o, . (0,4)
stresses can be controlled by means of the internal
(pi) and external (p,) cell pressures

Iy - —Ii-pi
Oxyav = _fur—]pl (5)
o — 1
and
Iy - Po + 7 pi
ay = —————— 6
Oyyav ot (6)

w
M, G,
Ny ¥
(B (&7
/': }\ ; Tos
L o
P (b
I
:,"f“\} | [o]]
rdl |0

(a) (c)

Fig.23 Idealized stress conditions in a hollow cylin-
drical element subject to axial load W, torque
M, internal pressure pj;, and external pressure
Po: (a) hollow cylinder sample; (b) stress on an
element in the wall; (c) principal stress on an
element in the wall (from reference [26])

0.03
o 002
n
e
g o0t
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-0.01
002 [ e —
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XIS
e Aoxx o Aayy
A lozz-Doxx a

Approximated Aczz-Aoxx
—— Approximated Atxz B

XZ
Approximated Aaxx & Aoyy
Fig.24 Approximate stress path for a soil element at the
surface of natural ground (at depth of 0.498S),
subject to train loading

where r, is the outer radius and r; the inner radius of
the sample (26]. 0., and a,y,, are equal if the same
pressure acts inside and outside the cylinder, i.e. if
Po = pi.

Hence, it is possible to control the stress compo-
nents o4y, Gyav» Orrav, and rz,, although the shear
stress components t,, and t,, are zero. This means
that the stress paths experienced by soil elements on
the central longitudinal plane below the track can
easily be approximated in the cyclic hollow cylin-
der apparatus, as suggested by Brown [11]. Figure 24
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shows how the stress paths illustrated in Fig. 18(b)
at the surface of the natural ground (i.e. at a depth
of 0.49S below the sleeper soffit) might be simu-
lated. These would need to be superimposed on the
estimated in situ stress state, after construction of
the railway. Provided that E,/E, is not greater than
1 and that the soil may be characterized by means
of a stiffness modulus that is not very large and
is either constant or increases linearly with depth,
these stress paths are not too sensitive to the elastic
parameters.

Simulation of the out-of-plane PSRs experienced
by soil elements off the centre plane can also be sim-
ulated using the hollow cylinder apparatus, provided
that the vertical plane in which the principal stress
rotates (which will be at an angle to the direction of
the track when viewed in plan) is identified and used
as the z—¢ plane in the apparatus.

5 CONCLUSIONS

Two- and three-dimensional numerical analyses have
been carried out to investigate the stresses experi-
enced by soil elements in the natural ground below
a railway track during train passage. The effects of the
depth of the element, the initial in situ stress state of
the soil, and the elastic parameters used to character-
ize the soil have been investigated. The analyses have
shown the following.

1. Both the magnitude and the number of loading
cycles during train passage reduce with depth.
Stresses change in response to individual axle loads
at depths <0.13S, to individual bogies at depths
between 0.13S and 0.49S, and to pairs of bogies
below a depth of 1.67S.

2. In an isotropic analysis at constant volume (v =
v, ® 0.5), the degree of principal stress increment
rotation was not significantly affected at any depth
by either the stiffness or the rate of increase of
stiffness with depth, provided the stiffness was
not too high (60 MPa or less). Variations in Pois-
son’s ratio v between 0.3 and 0.49 were also not
significant.

3. When the soil was modelled as a cross-anisotropic
Gibson material, the variation in the direction of
the major principal stress increment with the hor-
izontal distance from the load depended more on
theratio E,,/E, than on the ratio G.,/E, . Even so, the
degree of principal stress increment rotation was
not particularly sensitive to the elastic parameters
provided that E, /E, < 1.

4. Along the centre of the track, the major and minor
principal stresses remained in the vertical longi-
tudinal plane because the shear stresses z,, and .
were zero. Away from the centre plane, the changes

in shear stress and hence PSR occurred in both ver-
tical planes but the largest changes in shear stress
were still in 7,;.

5. Rotation of the overall major principal stress is
quite sensitive to the in situ stress state at a depth
of 0.49S. With increasing depth, the in situ stresses
increase and their influence begins to dominate;
at a depth of 1.67S, the major principal stress does
not deviate from its initial orientation by more than
20°. The effect of the initial stress state is easily
taken into account in laboratory tests, by selecting
appropriate starting conditions.

6. In the hollow cylinder apparatus, the initial in situ
stress state could be modelled by the application
of appropriate combinations of initial axial load,
inner and outer cell pressures, and pore water pres-
sure. Stress components induced by wheel loads
below the centre-line of the track could then be
modelled by superimposing the idealized sine or
trapezoidal curves of suitable magnitude. Simula-
tion of the out-of-plane PSRs experienced by soil
elements off the centre plane requires identifica-
tion of the principal plane, which will lie at an
angle to the direction of the track when viewed
in plan.
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APPENDIX

Notation

a sleeper spacing

av subscribe for average values

E Young’'s modulus

E, Young's modulus in the horizontal
direction

E, Young's modulus in the vertical direc-
tion

E, Young's modulus at the ground surface

G shear modulus

Gu, shear modulus in v~ plane

h depth of the natural ground layer
(mesh size in the two-dimensional
FEA)

) moment of inertia

Ky lateral earth pressure coefficient at rest

m Young's modulus gradient as a function
of depth

My applied torque in the hollow cylinder
apparatus

Pi.Po internal and external cell pressures,
respectively, for the hollow cylinder
apparatus

oo 1 outer and inner rad, respectively, of a

hollow cylinder sample

S sleeper length

w sleeper width

w applied vertical load

X longitudinal direction

N transverse direction

z vertical direction

o the direction of the major principal
stress, relative to the vertical

A prefix denoting increment (usually of
stress)

v Poisson’s ratio

v’ Poisson’s ratio (effective stresses)

v, Poisson’s ratio for undrained (constant
volume) deformation of an isotropic
material

Ul Poisson’s ratio for the effect of horizon-
tal stress on complementary horizontal
strain

Upy Poisson’s ratio for the effect of horizon-

tal stress on vertical strain
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Wyh

O, Oy

Oxxr Oyyy 02z

01,02,03

Poisson’s ratio for the effect of
vertical stress on horizontal strain
maximum ground surface dis-
placement

radial stress and tangential stress

normal stresses in the x, y, and z
directions, respectively

major, intermediate, and minor
principal stresses, respectively

Tshy
/
Tho
’
Oyvo
Tory Tuzy Trz
T.\'y’ l.\‘z ’ r'\':.

notional maximum surface stress
(an axle load divided by the
sleeper area)

initial effective horizontal stress
initial effective vertical stress
shear stresses in the 6r,6z, and rz
planes, respectively,

shear stresses in the xy, xz, and yz
planes, respectively,
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